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The representat ion of atomic p orbitals in terms of tetrahedral  Gaussian lobe 
functions is shown to be a viable alternative to more  conventional representa-  
tions in terms of cartesian Gaussians or octahedral  lobe functions. Fairly 
accurate SCF calculations for the methane and ethane molecules show that 
the flexibility of the tetrahedral  representat ion can be used to introduce a 
degree of polarization into the atomic basis in a molecular environment.  
Combined with the use of molecular bond functions, this flexibility provides 
an economical description of polarization effects in molecules. 
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1 .  I n t r o d u c t i o n  

The use of tetrahedral  Gaussian lobe functions [1] for the representat ion of 
atomic p orbitals has recently been discussed by Poshusta [2] and by Spangler 
and Christoffersen (SC) [3]. The use of just four lobe functions to represent  the 
three p orbitals requires less computat ional  effort than the more conventional 
use of six octahedral lobe functions [4], but SC have pointed out that care must 
be taken in choosing the distances of the lobes from the nucleus in order to ensure 
both the maintenance of numerical precision and a high degree of invariance of 
molecular propert ies to the orientation of the te trahedron in a molecular 
environment.  

The minimal representat ion of a set of 2p atomic orbitals makes use of four 
identical spherical Gaussians 

~i(r, R) = [ 8 y( Z y/ ~r) a/2] lie exp ( - y f r -  Ri[ 2) 
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where Ri are the vertices of a regular tetrahedron. The (unnormalized) atomic 
orbitals can then be chosen as 

p r =  ~1 "I'- ~ 2 - -  ~3 -- ~4 

T 
py  = ~1-- (~2 f f '~3- -  ~4 

pzT = q~l -- t~2-- t~3 + q~4. 

SC have proposed that satisfactory values of the distance R of the lobes from the 
centre of the tetrahedron are given by the rule y l /2R  = 8, where 8 is a constant 
dependent  on the word length of the computer used to perform the calculations: 

0.002--- 6 -< 0.005 for a 72-bit word 

0.005 -< 8 -< 0.01 for a 64-bit word. 

The lower limit is required to ensure the numerical precision of the molecular 
integrals, whilst the upper limit ensures a degree of rotational invariance. The 
precise value of 6 is not critical however, and the work of SC and Poshusta 
suggests that at least total energies are rather insensitive to variations of 6 within 
the given range. 

The work of Poshusta was concerned with hydrogenic functions only, whilst SC 
considered only the simplest representations of p orbitals. In this paper the 
investigation is taken a little further by a consideration of the use of tetrahedral 
lobe functions for the construction and use of accurate atomic basis sets. 

2. The Carbon Atom 

In Table 1 are shown the results of SCF calculations for the ground state of the 
carbon atom. The basis sets are of the cusped-Gaussian type (c + ns, rap), consist- 
ing of a l s  cusp function c and n ls  Gaussians to describe the s orbitals, and m 
sets of p Gaussians [5]. The s basis sets (c + ns) have been taken from previous 
work [5], whilst the exponents of the p Gaussians are those calculated by 
Huzinaga [6] for the all-Gaussian sets (gs, 5p), (10s, 6p), (11s, 7p). The reop- 
timization of these functions has been found to have no significant effect on 
properties, with changes in the total energy in the seventh significant figure only. 

In calculations 1 to 4 the p orbitals are of tetrahedral type with distances R given 
by the rule y l /2R  = 8. The total energy decreases with decreasing value of 8, as 
expected, but it is clear that no significant changes in properties can be expected 
for values of 8 smaller than 0.01, the upper limit proposed by SC. Although 
double-length arithmetic (64-bit words) has been used for all the work described 
in this paper, the calculations 3 and 4 were checked using quadruple arithmetic. 
The only changes observed were in the eighth significant figure in calculation 4. 

Calculation 5 differs from the first four only in that the distances of the tetrahedral 
lobes from the nucleus have all been set equal to the same value of R = 0.015. 
This corresponds to exponent  y = 0.36 and 6 = 0.009. The value y = 0.36 is that 
appropriate for a minimal representation of the 2p orbital in carbon, whilst 
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Basis 6 - E  --Els --E2s --E2p 

By rule T1/2R  = 

1. (c+4s, 5p) 
2. 
3. 
4. 

With R = 0.015 
5. (c +4s, 5p) 
6. (c+4s, 5p)-,[c+4s, lp] 
7. (c+5s, 6p)o[c+5s, lp] 
8. (c+6s, 7p)~[c+6s, lp] 

With octahedral lobes, R = 0 . 0 4 5  b 

9. (c+4s, 5p)-*[c+4s, lp] 
10. (c+5s, 6p)-~[c+5s, lp] 
11. (c +6s, Tp)~[c +6s, lp] 

0.05 37.68481 11.32676 0.70534 0.43182 
0 .01  37.68632 11.32568 0.70496 0.43237 
0.005 37.68636 11.32565 0.70494 0.43239 
0.002 37.68638 11.32564 0.70494 0.43239 

37.68618 11.32586 0.70501 0.43232 
37.68618 11.32563 0.70493 0.43229 
37.68758 
37.68821 

37.68637 
37.68776 
37.68840 

11.32582 0.70497 0.43239 

a Unless otherwise stated, all quantities in the tables are given in atomic units: energies in units of E H ,  

distances in units of a o. 
b From Ref. [5]. 

8 = 0.009 for the te t rahedral  representa t ion is equivalent  to the commonly  used 
8 = 0.03 for the octahedra l  representa t ion [3]. This calculation demonst ra tes  the 
insensitivity of the energies to the precise formula  used to de termine  the distances 
R, the change in total energy  on going f rom calculation 4 to 5 being only 
0 .0002 EH (0.5 kJ mol-1). 

In calculations 6 to 11 the m sets of p functions have been  contrac ted  into a single 
set using the coefficients of Huzinaga ' s  all Gaussian sets [6]. The  te t rahedral  
representa t ion with R = 0.015 has been used in 6 to 8, the octahedra l  representa-  
tion with R = 0 . 0 4 5  in 9 to 11. It has been  shown [5] that the use of the fixed 
value of R for all exponents  in the octahedra l  representa t ion has not  significant 
effect on the results, so that  calculations 9 to 11 can be regarded  as reference 
calculations for 1 to 8. A compara t ion  of  2, 4 and 9 shows that values of 6 -- 0.01 
for  the te t rahedral  representa t ion give energies close to those expected in the 
limit 6 --, 0. In addition, a compar ison  of 6 to 8 and 9 to 11 shows that  replacing 
the rule T1/ZR = constant <- 0.01 by R = 0.015 gives an almost  constant  increase 
of only 0.5 kJ mo1-1 in the total energy,  despite the wide range of y values (0.07 
to 40.8 for 7p). 

3. The Methane Molecule 

In Table  2 are shown the results of a number  of SCF calculations for the g round  
state of me thane  (bond length 2.05 a0) with basis sets derived f rom the uncont rac-  
ted basis (c +4s, 5p/4s).  In calculations 7 to 10 the contract ion 5p ~ ( 4 p ) + p  
makes  use of the Huzinaga  coefficients [6] for the inner  function. The  Gaussian 
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Table 2. The ground state of methane 
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Basis a 

Lobes 
on 
bonds 
- E  

Lobes 
opposite 
bonds 
- E  hE/kJ tool -1 

Tetrahedral lobes 

By rule yl/2R = 6 
1. [c +4s, 5p/2s] 
2. 
3. 
4. [c+4s, 5p/2s]+b 
5. 
6. 

With R = 0.015 
7. [c+4s, 2p/2s] 
8. [c+4s, 2p/2s]+b 

Octahedral lobes with R = 0.045 
9. [c+4s, 2p/2s] 

10. [c+4s, 2p/2s]+b 

= 0.005 40.18907 
6 = 0.01 40.18997 

= 0.14 40.20121 
6 = 0.01 40.20645 

= 0.1 40.20862 
6 = 0.14 40.20809 

40.18724 4.8 
40.18624 9.8 

40.19065 40.18499 14.9 
40.20462 

40.18803 
40.20393 

"All basis sets are derived from the uncontracted basis (c + 4s, 5p/4s). b represents a set of 
four Gaussian lobes located on the bonds. 

set  for  hyd rogen ,  and  its con t rac t ion ,  is t aken  f rom the work  of D u n n i n g  [7] with 
scale fac tor  1.2. 

Ca lcu la t ions  1, 2 and  7 show the  effect of changing  the o r i en t a t i on  of the  
t e t r a h e d r o n  of p -o rb i t a l  l obe  funct ions ,  the  lobes  lying e i the r  on the  C H  bonds  
or  oppos i t e  the  bonds .  A s  SC have  p o i n t e d  out ,  the  fo rmer  should  be  the  m o r e  
favourab le ,  and  they  have  shown tha t  the  energy  d i f ference  increases  app rox i -  
ma te ly  l inear ly  with (small)  6, with a va lue  of a b o u t  10 kJ  mo1-1 for  ~ = 0.01. This  
is conf i rmed  by  the  p re sen t  (more  accura te)  ca lcula t ions  1 and  2. The  s o m e w h a t  
la rger  d i f ference  in 7 is a consequence  of using a fixed va lue  of R = 0.015.  A s  a 
resul t  of this d e p e n d e n c e  of ca lcu la ted  p ro pe r t i e s  on the  o r i en t a t i on  of the  
t e t r a h e d r o n ,  some  care  mus t  be  t aken  when  cons ider ing  p r o p e r t i e s  ar is ing in 
pa r t i cu l a r  f rom changes  in confo rma t ion .  A n  obv ious  e xa mple  is the  ba r r i e r  to 
in te rna l  ro ta t ion  in e thane ,  whose  magn i tude  of 12 kJ  mo1-1 is c o m p a r a b l e  wi th  
the  values  of A E  in Tab le  2 but ,  as shown in the  fo l lowing Sect ion,  this p r o b l e m  
is r ead i ly  o v e r c o m e  in prac t ice .  

Ca lcu la t ions  1 to 3 show that ,  in con t ras t  to the  a tomic  case, the  lowest  energy  
of a mo lecu l e  is not  o b t a i n e d  in gene ra l  in the  l imit  6 -~ 0. A l l o w i n g  the  lobes  to 
move  away  f rom the  cent ra l  nucleus  t owards  ne ighbour ing  a toms  in t roduces  a 
deg ree  of po la r i za t ion  into the  a tomic  basis.  In  the  p r e se n t  case the  lowest  ene rgy  
is o b t a i n e d  with 6 = 0.14 and,  c o m p a r i n g  ca lcula t ions  3 and 9, a po la r i za t ion  
energy  of a b o u t  0.013 EH. This  is s imi lar  to the  lower ing  in energy  o b t a i n e d  f rom 
the add i t i on  of a set  of d - t y p e  po la r i za t ion  funct ions  on the cent ra l  a t om in a 
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Table 3. Parameters of the polarization func- 
tions in C H  4 
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Calculation 3' x 

4 1.108 0.583 
5 1.539 0.746 
6 1.785 0.793 

10 1.225 0.625 

conventional treatment [8, 9], but with no extra labour once a suitable value of 
8 has been chosen for each atom. 

A more accurate description of polarization is obtained in a simple way by the 
addition of a set of four equivalent Gaussian lobes centred on the bonds. 
Calculations 9 and 10 show that the direct effect of these polarization functions 
is to lower the energy by about 0.016 EH. Calculations 4 to 6 demonstrate a 
competition between the polarization functions and the tetrahedral p-orbital 
lobes. Even with the small value of 6 = 0.01 the polarization energy has been 
increased to 0.018 EH, and the maximum value of 0.021 EH is obtained with 
8 = 0.1. Table 3 shows the (optimized) parameters of the polarization functions; 
the exponent y and the fractional distance x of the lobes along the bonds from 
carbon. The parameters in calculation 4 are similar to those in 10, with the 
polarization functions lying close to the centres of the bonds, and readily classified 
as "bond functions". For 6 = 0.1 and greater however the role of the polarization 
functions is probably similar to that of conventional p-type functions on the 
hydrogens. Indeed, the polarization energy of about 0.02 EH obtained in calcula- 
tions 5 and 6 is close to that obtained with a set of d-type functions on the central 
atom and a set of p-type functions on each hydrogen in a conventional approach. 

4. The Ethane Molecule  

The calculations summarized in Table 4 of the barrier to internal rotation in 
ethane show that the "orientation problem" associated with the use of tetrahedral 
lobes can be avoided if the tetrahedron is allowed to follow the change of 
conformation. The basis set used in calculation 1 is essentially the same as that 
used in calculation 7 of Table 2. The only difference is that, because the lobes are 
constrained to lie on the bonds, the disposition of a set of four lobes about a 
carbon is no longer an exact tetrahedron (the assumed geometry for both 
conformations is R c c = 2 . 9 0 a o ,  RcH=2 .07a0 ,  /_HCH=108~ The small 
difference in angles was ignored when constructing the atomic p-functions. 

Table 4. The ground state of ethane 

Basis - E  (staggered) - E  (eclipsed) AE/kJ tool -1 

1. [c +4s, 2p/2sl 79.21600 79.21120 12.6 
2. +bcn 79.23852 79.23343 13.4 
3. +bcc+bcH 79.24203 79.23698 13.3 
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Calculations 2 and 3 in Table 4 illustrate the efficacy of lobe functions as 
polarization functions in ethane, bcH represents a set of six identical lobes centred 
on the CH bonds, with exponent and distance from carbon taken from the 
methane calculation 4 (the corresponding methane calculation with this basis is 
8 in Table 2). bcc is a single lobe function at the centre of the CC bond, again 
with the same exponent. Both the reoptimization of the polarization functions 
and the use of two functions on the CC bond were found to have only very small 
effects on the energy. 

The energies obtained with calculations 2 and 3 are comparable with those 
obtained from more sophisticated (conventional) calculations. The polarization 
recovered with a set of d functions on the carbons and a set of p functions on the 
hydrogens is about 0.028 EH [10], the bulk coming from the hydrogen functions. 
These values are almost exactly paralleled by the results in Table 4. All three 
calculations give values of the rotational barrier close to the experimental value 
(12.3 kJ mol-1), and similar to the values obtained from nearly all (published) 
SCF calculations. 

The usefulness of tetrahedral functions for the representation of p orbitals in 
molecules therefore appears to be established, at least for the simple structures 
considered in this paper. The calculations suggest that the tetrahedral representa- 
tion gives rise to no significant loss of accuracy, and may in some cases even be 
superior to the more conventional representations in terms of cartesian Gaussians 
or octahedral lobe functions. In addition, the computational effort should be 
smaller. For example, a typical atomic Gaussian basis like (9s, 5p) is made up of 
39 primitive spherical Gaussians in the octahedral representation but only 29 in 
the tetrahedral representation. In general therefore the number of such primitive 
functions in a molecular basis is reduced by 20-25%,  giving a reduction of 
60-70% in the number of primitive integrals. Any additional labour generated 
by the tetrahedral basis should be small compared with this saving. 
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